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Highescoinvariant algo,Outline

# Tanisaki witness relations



Loinvariant Algebs
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Loinvariant Algebs
singular cohomology

Thm (Bosel) RnE(
*(F(n) Thm (Chevalley) RnEQSn

complete Fagmanifold => dimRa= n !

Thm (Astin) Exc...on : 03x ,< 13 descends to a basis for Rn
=> Hilb/Rnjq)= Luby!

The (Lusztig-Stanley) GFsb(Ru; g)= & qwaj(t)SiTEST(n)



DiagonalCoinvariant Algebras
Def (Garsia-Haiman 190's)

The diagonal coinvariant algebra ofIn is

DR--End
<R[Aniyn]m > The (Haiman)

whose su acts diagonally : GsFrob(DRn;q,+=Ven

a(xi) =Yw(i), o(yi) =Yo(i)
· Hilbertschemes
· n ! conjecture
· Macdonald poly's



posCoinvariant Algelas
Def Zabrocki' 14
The super diagonal coinvariants are

SDRn=Q[An
,In,En] <&[In

,En,En],>

where Xiy;xjyi , DjAjyi, yifjOjyi, and D:8j--Gj8i
Conj Zabrocki'14 anti-commute

Representation-
k/ theoretic model forEsfrob(SDRnigt,z) z Jennine

Delta Conjecture



posCoinvariant Algelas
· SDRn is hast!

· From nowon
,
focus on to case.



posCoinvariant Algelas
· Superspace is Q(y-, in, O,-, On] where 8:8j-0j8; anti-commute

Sym(x,-, 2)1/0,-,On) land xibj=Ojxi, xxj+jxi)
· Su acts diagonally : o(xi) =1wi), o (fi) = Puli)

·Think ofA variables as differential Forms O, dyi
,

·jedindaj



posCoinvariant Algelas
· The exterior Lerivative is

d= G
,
dx
, - End(Q[En,dan)

is

The (Solomon)

An
, den], = 40

,
-

,
en
,
dp,-,dpn



posCoinvariant Algelas
Dof The super coinvariant algoba of Su is

SRn = QCxn,En]/QEYn
,En], .

Conj Habrocki 19; Haglund-Rhoades-Shimozono 18)
Hilb(SRn; q,z)

=Y (k] ! S[n
,
k] zN-

k= 1

Esfsob(SRe; g,z)=&2 -14)
i

ci-D(mi-D (mpeCmelt)gwQie



OperatosTheorem
·Top-Leysee component of Re is spanned by

↳n(j-xi)
The (Steirbo)

R(x
, ..., 2a] DeFRn is a bijection!



apesOperatos Theosem
The (5

.
-Walkd) Alternating component of Sin has

basis
EdiOn : Ic[n-173

whose di-d..... dia for diaidy.
The (Rhoades-Wilson 23+; conjectured by S. Wallach)

R[Px
, .
.

.,
Omn]EdiUn : Ic[n- 1734 ESRn

n

is a bijection !



Flip Action
-

· Have 2 "tent polos" diUn which generate SR as an
① (x

, ..,In)-module under the flip action

g
:~= gDx, ..., Dan)w .

S· HR conjecture has zu total wQlig's ! (Stony comp's.)
① Is there a filtration of Sin adding one
generatos at a time whose successive quotients
prove the HRS Formula

?



ManischiIdeals

Thm (TanisakiFob(Q(en)/1n; 2)=sovgQulzi
where
m
· tm=<0.(5) : Is) -dis(m)<, <1S1,Sc(n) >

is a Tanisaki ideal
·e) = Exidic

SEi... i,S

· dulp)=p+M-+...+Mn-h+ 1



Twists
· Let SRy= Q10x, ..., ban]diOn .

· Suppose for illustration that AnnSRI= Im.
Then

ExFob(SRI; 9) = wq(i)
-i ... -in GsFub(R(x2)(Imjq)

ditnis dogOn de Flip bross Leg.
alternating -wquQ(zig)

· Flip action can fully account For wand Jove twists
!



FiltrationApproach
① Is these a total order I,I ... on [h- and a

bijection :2-> [x#n} such that the successive
filtation quotients

SRIjJSSR
use annihilated precisely by the Tanisahi idealI
·Wouldpove HRS Formula, and give abasis!
· RW 23+ Nso provedHilbert series Formula !

=> Justnood "enough relations"!



ConesicTanischi Witness Relations

Thrm (S. 23) Lot I= <1, ...< ip3c[n1]. Then

E (1) Jen-u-d(n+)9j jaUn
=8 "Generic Tanisaki

witness relations

where the sum is over all subsets 5= Ej<... <ja3< (n+] where

↳ isjiz5j ... infjub
and

d= (j -1) +... + (jn k) .



ConesicTanischi Witness Relations
· Using a (non-trivial) bijection from CS

:
23]
,
solves 1 Form

case
.

E n=3
,
h has 26E(2,1, (1,2)3 with It /[13, 2233 .

Ideal Ec, generated by a (3),e), (3) and 6;(2).
Have XXz

02)d2343= 0

222)d143= 60,13)d3243 .
In fact
,
annihilators of SRzs and (SReitSR (z3)/SREz3

as precisely EGD .



remeTanischi Witness Relations

Thre (S. 23) Lot I= <1, ...< ip3c[n1] have kssh s.t.

iy ... instEnte and instltjenstj For (5jks.
Pick Outs

.

Then

[E1)"Us/just ... ja) (d) Pen-a-alnu)deWiO
where the sum is over -Ej...ju3c(n-1) sit.

j T ..., ju--= im-s
d= (ju-=+- in -st)+...+(jzin)=0.



remeTanischi Witness Relations
· fives relations For S

M
= wh k-S

· Both Families "gaded-positive" up to (1)a !
Ex = 52e,64z-42e!)de+32ea(s)desOn

-26 dist,+ e,dat ,
+ 360, das -Zeus)das Ba + De,dist
+We
,(5)dzuk .



FurthesDirections
· Main problem: find enough selations to complete the
Program !

Q What is a binatorial description for their coefficients?
Is these a geometricalgebraic/topological interpretation?

gaded-positivity
gives hope!



THANKS!


