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-ighes coinvariant algod
satin

# Tanisaki witness relations



-invariant Algebas
The (Newton) Q(x-xm] = Qua,-,en] whose e-Exii-Xin

and xi)= Poli) Kik. insu

elementary symnetsic
Thm (Hilbost) <Q

,
-,]=<e

,
-

,on
polynomial

Def The coinvariant algoba of In is

Rn= Q2x,~,xn]
<,,en



-invariant Algebas
singular cohomology

Thm (Bosel) Ra* H
*(FIn) Thm (Chevalley) RnFQSn

complete Fagmanifold = dimRn= n !

Thm (Astin) Ex ...ar: 03x :<13 descends to a basis for Rn
=> Hilb(Rniq)= Luba!

The (Lusetig-Stanley) GsFsob (Ruiq)= Eqmaj(TSshitTEST(n)



-DiagonalCoinvariant Algebras
Def (Garsia-Haiman 190's)

The diagonal coinvariant algoba of In is

DR=i Thm (Haiman)
where Su acts diagonally : GsFrob(DRuja,+)=Von

o(xi) =X(i), o(yi) =yo(i)
· Hilbertschemes
· n ! conjecture
· Macdonald poly's



~

SuperCoinvariant Algebas
Def Zabrocki'19
The super diagonal coinvariants aso

SDRn=Q(niyn,En]LanifnEub
where Xigjjyi , XiDjjxi,YijOjyi, andj-Oji

Conj Zabrocki'19 anti-commute

EsFrob (SDRnicz)=De
Representation
theoretic model for
Delta Conjecture



~

SuperCoinvariant Algebas
· SDRn is hasd! From now on

,
focus on =o case.

Def The super coinvariant algebra ofIn is

SRn = QCnEn]/QnOS
.

·Think of Ovariables as differential Forms O=dri ,

Ojdndj



~

SuperCoinvariant Algebas
· The exterior derivative is

=End
=>↳+...

Thm (Solomon)
<Qxn

,On]=0~, en,dp,den



~

SuperCoinvariant Algebas
Conj /Zabrocki 19; Haglund-Rhoades-Shimozono 118)

still dual Hall-Littlewood
open function

EsFrob(SRu; p,z)
= Gz-m)DiD(mugwQuiq)
Min

Hilb(SRu; q,z)= (k] ! S[n
,
k] zNk Proved by

k= 1 Rhoades-Wilson'24



ExactnessWorks !
Thm Wallach-S

.

'2l

The exterio, Lerivative complex of SRn
,

n-1
O DSR& Spid ...

&
SR O

is exact.
=In O-digreel
n- 1

Cos Hill(SRig,q)= [tqhHilb(SRjq) = 1
h=0



Operato, Theorem
·Top-Leysee component of Ru is spanned by

↳Fein(ji) eRubge

Thm (Steirbosgl
Q

, ...,
son] DeFRn is a bijection!



uposOperator Theorem
Thm (S.Wallack) Alternating component of Sin has
basis

Edin : FcEn-173 SSRS
lized

where did,- - din fordie genera
A exterior
Lerivatives

Thm (Rhoades-Wilson 24 ; conjectured by S.Wallach)
Q

, ...,in] Edin : FcEn-173Un Sen

is a bijection ! (IIts are the harmonic differential Forms!)



HipAction
· Have 24" "tentpolos"din which generate SRn as an

Q (xy ...,Xn]-module under the flip action

g
.w= g(a, ..., )w=gw

.

· Let Sky=Q...on]dyOn

By Rhoades-Wilson
' 24
,

cothisect

SRnFSSR



HipAction

· HRS conjecture has 22 total wQiig)'s ! (Strong comp's.)
EFsob(SRu;qz)=GzMDDmu)wQuiq)

Q Is these a filtration of Sin adding one
generatos down at a time whose successive
quotients prove the HRS Formula?



-SmallExample
Ex For n=2 : ((x

,
Xz] degl dego

· R =
2++*+22

= Span(y=4, 137gn

·SR =
(Ex
,+2,0,82] =D2] span(41-42, 0-023

2 <Y+42
,
4,42,+02, 429+0,02

=span[4-42, 01 82) 1352sgn
Dz d,Dz degs ,

· SRaB= ([c] 10 - 02)= spanE0,-On]

Sky = (c,] . (x1 -+2)= Spandy,-x2, 13



-SmallExample
Ex For n=3 :

·Generators Wa= (+Xa)(y=ya)(x +3) d,
22 22d,z= (2y1 -+=+3)(xzx3)0,+

- ..

d=001+(0x2)2tn+ (0x2)283da03 = 2(x2-Xz)0,+...

didz0z= 120,

· Relations : data = 0

d
·In fact

,
OSSH23SSHap+SHEzz= SH3 has composition factors

corresponding to Q2 ,1) /



Thml
...Tanisati..)

Tanisah; Ideals

H*(Xm) (g)

EsFb(Q(en)/Injq)=TovgQu(x;q)
where modified Hall-Littlewood functions

· F=<,(5) : 1st-Misi[]< /Sl,Sc[n) >

iso Tanisaki ideal
· e
,
(5) = & Xi: Xi

,

Ei... i,3CS

· dulp)= Mi+ Mn-...+Mn-2+ 1



Twists
· Suppose for illustration that AnuSRp= In.

Then

EsFrob(SRI; q) =wq
(2)-i - ... -in

EsFob(Qn](Inje)
dytn is degn di flip bross Leg.
alternating TwaQuig)

· Flip action can fully account For wand seve twists
!



-FiltrationApproach
Q Is these a total order FCI ... on2 and a

bijection On : 25-> Ext such that the successive
filtration quotients

[SRj/ESRIjjam

are annihilated precisely by the Tanischi ideal Ig?
·Wouldpove HRS Formula, and give abasis !
· Since RW 124 provedHilbert Series Formula

=> justneed "enough relations"!



-TanishiWitness Relations
Def A Tanisaki witness relation is an expression of the form

⑳
,
15& = Fan where Fe,].

E 0=50 si dis07-46(5)deoW= + 30e
,
151da60n

-26(5) dys + Gesids
+ 38(5)dasa-Zey(s)das + Ge(s)das
+ Ge
,
(5)dzy



GenericTanishi Witness Relations

Thm ("Generic Piesi cule" S. '23)
Let=Ei ... ip3c[n1]. Then

& (1)Jen w-d(n)dj-jaWn=

where the sum is over all subsets J= Ej-ju3[n-1 where

1,jiz5jz) ... injun
and

d=(jj i ,) + - - . + (jn iv) .



GenericTanishi Witness Relations
Rem .These use "essential" generators for In

,
e .g.

d= 15677

M= (5,3, 1, 1,1) = w/n=1 (See S. '23, Lemma2.1)

=>I
153,1Gileg(n-1), ej(n

-2)
,
22(n-3)
,
ey(n-4)
,
a(n)
, ...,
en(n))

· Ifutn W/(m)=n-k and u (14)
,
then Enunteip

generic Piesi

gives a
relation !



GenericTanishi Witness Relations
· Using a (non-trivial) bijection from CS

.
23]
,
solves -from

case
.

# n=3
,
k=t has de(21)

,
(1,2)3 with It(13

,
3233

.

IdealEa,i generated by a (3),(3), e(3) and6)·

Have XX2

Pdazz4z= 0

Dedi=bal&azs4s .
In fact
,
annihilators of SRazs and (SRi+SRies)/SRE23

as precisely FD .



ExtremeTanishi Witness Relations
Ex Let S

M
= nu) ↳ * isoniagoos(n)

relations?



ExtremeTanishi Witness Relations

Thm ("Extreme hook solations," S.'23)
Let F=Ei ... ip3c[n1] haveksh St.

i ... institute and instjesty for lis.
Pick Outs

.

Then

[ED"Ws(just, . , ja) (H) 02-s-almost)dj D=0
where the sum is overJj...jus<n1) sit.

Ji, ..., jusfins
d= (ju-s+1- in-s+1)+ .. -+ (jw-in)-0.



-Combinatorialmodelss in Germ)dUn
using masked staircases androlations:



Proofs
-

> for generic Pier sue, build intricate sign-secessing
involution inductively.

· For extreme hook relations, similar but hardes.

Involves Esactions on marked staircases
miniscent of Lie theory , e.g.
a. r .(+) -x for de Fixed

,
IoT, +Es

0 (1, . ..,Us](FD, --Wols)
Also new Vandermonde evaluation identities



FurthesDirections
· Main problem: find enoughrelations to complete the

program ! Figure out osdes !

Q What is aembinatorialdescription of their nefficients?
Is these a geometricalgebraictopological interpretation?

graded-positivity
gives hope!



THANKS!


