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-websand Shy-webs

Tempody-Lieb and ne-elliptic bases
· Building embeddings
·Hourglass plabic graphs

(Now !) Shy web basis

·Pockets and buildings



TheWebs

·Webs are agraphical calculus forrepresentations.
· Let V= D? Some building blocks :
Y V+ v v 4 vov

Mosphisms
of

V * 4 vov+ rv SL2-mods
it * id &
Verv- v VoV*-D-Vort VoVeVor
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TheWebs
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-Then"sotate" factorsWe main to domain with duals :
Hom
,
(H
,
Bo() = Hom

,
(A* (*, B)

Hens-hom adjunction and Home(X,4) =Y**X .)
VVVVV

Ex
voVQVk -Homy(4) Graphs

VOVOVteV
V+V

=Inv)) in Lisksbecomes
VOVVVV- C
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TheWebs

rov

·What about det:Vor+ I ? Use maybe?
??

· Switch to bipartite graphs : &

Define : ]y]
⑨

Yy, +42yz det)[*]



TheWebs

·Bipartite composition conventions
· = V =V

*
in Lomain

= V . =V
*
in codomain

When composing, must match and cancel. pairs
:

⑨ ⑨

Ex ver vit

⑨ - ·



-Webs[]
Ex ⑨

⑨

-
-

⑨ (x24,]
⑨

ExHave contraction relation:

⑨

T



TheWebs

Def An Slzwob is
· a bipartite graph embedded in

1/1) es "IIII

· with Legsoe 2 internal vertices,
· and Legree I boundary vertices.



TheWebs

Facts IHave well-defined map
SSL webs] isotopy (viSophiss

2 All of Rop(S(a) is encoded in Lish case
1... subjective up to linear combinations, take Karoubi envelope ..)

& Generators and relations? Basos??



TheWebs

Ex (
.

(
=Letde

#
·

W =Hom(V)

Ex Plicker solutions :
(4,+23- 12143)(x12424 -7224/4)

⑨ ⑨ · ⑨ ⑨
-

Cunwritten - t (x,+22 -+21f,z)(x,y+24 - +23/4)'s]
⑨ ⑨ ⑨ ⑨ ⑨ ⑨ t

(4,424- 12144)(x,2/23 - 42243)



Temposly-Liebbasis

· Using O·DD. can reduce any matching diagram
to a linear combination ofmatching Liagsams :
·

· ..



Temposly-Liebbasis

Thm The non-crossing 2-for webs acon basis
to

Inst(V,o...Vn) (VieEV
,
V+3)

called the Tempory-Lieb basis.
Pf · Spanning : Lingsams span by classical invariant theory,

noncrossing by uncrossing Jule.
· Independence : by Pieri sulo,
Lim Invs(VO4) = #SHT(2**) · Count !



Temposly-Liebbasis

Some Catalan bijations :

34

Z
* * *

7 121 /4 I
Sych

*

I
*

*811 · "path
*

jjz 1112122212112/22

lattice wort

standard young tablean



Temposly-Liebbasis

16 I

Sosa 15 I

14 3 Non-cossing
13 4 perfect

⑨

⑨ ⑨

⑨ 12 s matching
⑨

⑨
11 6

⑨ Ig 7
⑨ 9 g

⑨

⑨

⑨ SLIZ) basis
⑨ ⑨

⑨

web
⑨ ⑨



udsand trees

Obs The dual graph DIN) ofan SLR2) basis wob w
is a tree :

⑨ ⑨

⑨

⑨
⑨ e .g. #faces of W

⑨

⑨

= #vertices of D(W)
⑨

D(W)
⑨

⑨

⑨

⑨

⑨ ⑨

⑨ ⑨



swebs

· Let V=C
,
VieEV,V*3.

Q Is these a nice reb basis for Ins
,

N, o-)?

· Use bipastite planes graphs in a disk built from
↳·

= hot (h) lo trirdent) .
⑨

It dua) Have univalent boundary vertices
and connected to boundary.

Shy-webs



swebs

Exit

Ex
· -

=... a polynomial obtained by
· summingares propos edge
· 3-colorings...



swebs

The (Kupeosy94) The generating Stawob relations are
= 3

⑨ = 2.

⑨

- t

⑨



Mon-elipticweb basis

Thm (Kuposberg 194)
Call an SLz-web non-elliptic if it has

no 2-faces or 4-faces.

The nonelliptic webs form a basis of

Furs (Vo ..Un) . NiCEV, v43)



#Spanning:
simtonollipticwobas is

· Independence : bijection to SKT(3x) using
growth sules. (other approaches
Will use directed notation here:

·



Is-growthsules

Kupesbesp-Khovanov growth clos :

I 21 321 32 3 121

3 2 I I 2 3

2

3
22

3
I

2122 3

I I I 2 3 33 2

I
3 2 3 3 3 I 2

Z I 2 3



Is-growthsules

*

T 11/223233

111223233

3 ↓ I

111223233
Z

3

2

111223233

3 ↓ I



Is-growthsules

It 11 1223233)
111223233

B I

I

B
3 ↓ I B

3 E
psoposly labeled
3

Z

I

3 2 2
2

I
I

2
3

↳
B I

L &

Z Z

Now just esase labes !



Is-growthsules

In all :

i



Is-growthsules

fact

1 Growth algorithm is well-defined :

output is independent of choices
2 Growth algorithm susjects on to non-ellipticSL]

Q What'sreally going on
here??



-Its-webLuals

Obs D() for SL13) is a triangulation :
⑨ ⑨

⑨
⑨

⑨

⑨

⑨

⑨

VS .
⑨

⑨

⑨

⑨

⑨ ⑨

⑨ ⑨

D(W) is ID For SL(2) D(W) is "ID" For SL(3)



-Its-webLuals

· Fontains-Kamnitzer-Kupesberg showed duals of
SL3 basis webs live inside the

affine building OCSI)
Fowthwes build one triangle at a time next!
Labels encode distance information

Non-elliptic condition of CATCO)



-Doublecosets

Obs Given groups HSG
have a "Listance" on G:

d : G + f- - HG/ (osG/)

d(p,q) = HpqH
a double coset

Ex forRoof (double) cosets are represented by
polas angles . Then d/siP, seid)

= pill-E1o.

Basically (x,y) +easy)) = atantly,x) !



-Doublecosets

Ex for ((2+]]* (((t)
,
coset sops are st"Inek]

# For GL.(I[CH]) < GL,(CCI)
,
double coset seps are

where 1 ,-3,ant
+
x
= (
+"
+2
...+x) integers. weights

# For PGL,(CICt]7) < POL,((((H))), now have
SL(s) dominant

+x= +x+4) weights



AffinoGrassmannians

Def The affine Grassmannian of SLCA" is

AFFEc= PGL,((((H) )/PGL,(([2t]7)·

· Have "distance"
d : AFFG+ AFFET, Ina/1 , ..., 13

SL(s) Lominant

weights
where d(pH ,qHt)=d(p,q) =X= pycH+ Ht

· Have d(p,p)=0 Mp, y)=d(gpgq) d(qp)=-cord(p,q)
for ge Gh, (D(t))

not quite lantilsymmetric



AffinBuildings
· The fundamental weights of SL() ase wi=(1 :01")

w= (05;-(i)Wi
· Coresponds to 1'V andMir.
· Essentially generates SL()-representation theory
Leg. Kasabi envelope... )



AffinBuildings
Def The affine building on AfFGs, is the simplicial
complex &, whose vertices we the points of AffEr,
and whose simplices are collections of points
all of whose distances are fundamental weights.

...

E +H . " . H

EXz
Ex Def:W w

·

1000I tree where every rested
has

uncountable Legsee



-Goodesics
Def If X,ETai where IN=1l +he For some hel,
say

13) Um,)-

Def Let
u = p+ p,+

...-pn bea path
on theskeleton of D.

Set d(j=(pipi).



-Goodesics

Def A ("combinatorial") goodesic from p to a
is
any minimizes of (d(y)/rip---

eq) .

Def A flay subcomplex ICA has cherent geodesics if

Xp,get, 5! yeahesic from p to g.



AffinBuildings
Thm Containe-Kamnitzer-Kuperbosy' 13)
↳ Whe a non-elliptic basis wob For SL(3).
These exists an embedding : DIN)-D (ofFlag simplicial
St
. q(D(h) has coherent geodesics complexes

and
in D(W)
·

Fo : ·F = d(p(f),p(f)=w,



AffinBuildings
Ex these exist gige,ga,gy, ... sit.

·

· =We

·
d(ge,g)=· agg

·i 11IIIIII) in 8d(gy,g ,)=2w,
: goodsa

94lt gyi



AffinBuildings
① Gowth whe label meaning

?

A Letpo be base face
.

Fact d(pu)-d(po,v) eSjw,
Then Hence d(pu)-d(p,v)= ea
Po d(p,v)-d(po,w)= ep

F d(p,w)-d(po,u)=2
O=ea+2! +2c

=[a, b,c)=El,2,33
W

E proper labeling!



AffinBuildings
Ex

· base Face Boundary nort:
33

· 115222T33 = 111221322333

· -IIIIIIIIII .· Connects to promotion
2 evacuation
· Satake Filors

:



AffinBuildings
& Non-elliptic condition meaning?
A

⑨
⑨

is
⑨

must be equilatesal
-~ multipometa Angle 4 .60:240°360%
() Also not CAT(O) !
-600

Not (ATCO) !
(Also not coherent.)



Theweb basis problem
Problem (Khovanov-Kuposborg 196)
Give a web basis For Invsy

,

No. V) for 14.

*with Lesicable properties for use in applications :

testability
reduction Jules

rotation invariance



Hourglassplabic graphs

DofPhonikanths,
planas bipastito graph embedded in ahish with
edgo weights in 11 which sum to a around internal
vertices

,
and boundary vertices have degree I

.

An edge with weight m is dawn as an m-houglass :
3 ab-houglass
· ·



Hourglassplabic graphs
Ex 19

28 12
& ·

18 · · 3
· ·

17 * ⑧
Y

·

↳ ·
S

&. (0)

/y ·

13· ·

g
12 ·

Il 10



-moves

Thm (GPPSS 123) Two contracted
,
Fullysoduced

4-HPG's have the same trip permutations
- they are solated by moves :

~ - ~ -

/
⑳

% ⑳ Y

"top"
-·

T·%%
-

·

· · ·

-

/

"bottom"
- -

T

~

Y· Y
- · · · · ·

benzene square
man moves



-moves

Thm (GPPSS 123) These is a bijection
between SKT(4x) and such moreclasses

.

# sends promi (T) to tripi (6) .
Ex

· ·

% %i ·

·

·

·

·

·

·
·

se, ·
/

·
,

· ·

Y
· ·



-moves

Ex

13TI"
10 12 13 IS 16 IS 26 78

11 20 22 2) 29 303132



ockets
· We (ESSW) show these is a 3D analogue for the
SL14) web equivalence classes : pockets in Dy.

· Requires expanding sources/sinke via EH moves :

↑ -M
·

==

-
=

·

-



ockets
Ex

T ·Po
class of

4El,235253,435

·
·

·III ·III +6 mose·

·
·



Pockets
-

· Build pocketsFrom 4-PE basis web more classes :



ockets
Thm /ESSW'24+) The pochot P=PCT) is coherent, CAT(O)·
The webs are "sections."

The (ESSW'24+) Given an isseducible component ofa
Satake Fiber of t =W(s(i) indexed by I, these is adense
open set Ust. every point of u extends uniquely to a
configuration P(T)40 which preserves distances.



ockets
Ex Pocket of 55 ASM : =1253543

Note Related to

height functions,
octahedral
Securence

,

tilings of the
Aztec diamant,
Listributive lattices



Pockets

-Pocket of 24242 PP :



Pockets
-

Expocket of a "chained Lexagon" :



ockets
Expocket of a "chained Pentagon" :

Note Not realizable

in IR3



THANKS!



Tippermutations
Dof (PPSS 123) Anchouglass plabicgraph has
trip posmutations trip, ..., trip- whose trip, takes
the ith left at white and itsight at black:

Ex I

· =trip,= 1135)(642) Note
S · 2 =trip== (14)(25)(36) trip :=trips i !

·

=trip,= (S31)(246)

Y 3

(=4)



· · · · ·

122 I Z 2 · · ·
* *

I 2 11 2
I 4 I· 2 ·T

1 z 3

· · · ·
· Y 3 · I 4

344 3 33 % ··
* ·

Y 144 I 3 S
4 3 3 44 4 i 3 2 E

Y I ↓ 4 T

* *
·

·
· · · · ·

& 3 I 2 3 3 · 3 ·
3 I 13 ( 4

* *
·... % · · · · ·

I 2 +42 · 5 32 23

2 33 i422 4 I 4 4

SLC4) growth clos



· · · · · · · ·

I 2 I & 3 I
·

2 iY2 I 3 I 3 · 14
· · · ·· · · ·

T 3 - 2 ·.. %344 Y 24 42 144 I S
4 3 4 22 4 I ↓ 4 :

· · · · · · · ··3 ·I 2 I & 3 2
- ! !

3 Y 444 3 2
2

· · · · - · · · % · · ·

T 3 443 2 +42 2332

↓ I 22 I
↑

I 33 ↓
I 3

4 4 I i


